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Abstract: Towards modelling the charge asymmetry observed in heavy ion collisions, we
present here analytic solutions of relativistic hydrodynamics containing parity violating
and anomalous terms at the first order in the hydrodynamic approximation. These terms
can induce chiral magnetic and chiral vortical effect leading to the generation of the charge
asymmetry. We also consider sphaleron solutions with non trivial winding number to model
the phenomenon. We calculate the net chiral charge difference produced in our solutions.
We anticipate their relevance also in the context of baryogenesis in early universe, neutron
star and some condensed matter situations.
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1 Introduction and motivation
For the early phase during the formation of quark gluon plasma in heavy ion collisions,
relativistic hydrodynamics offers a good model to describe the dynamics. Relativistic
hydrodynamics extends the regime of applicability of hydrodynamics to the situations of
fast moving fluids such as plasma. Such cases are also encountered in nuclear physics and
astrophysics apart from the heavy ion collision experiments. The equations governing the
dynamics of the relativistic fluid are conservation equations for the stress energy tensor
and the conserved current(s). These are relativistic analogs of the continuity equation and
Navier Stokes equations.
Recently, it was shown that the relativistic hydrodynamics can contain terms which
do not have any analogs in non-relativistic cases. The conserved current can contain parity
violating terms proportional to vorticity and/or magnetic field. These terms were first
noticed during the investigation of equations governing small perturbations at the boundary
of the charged black branes and drawing their parallels with Navier-Stokes equations.[1,
2, 3] The theory of gravity in such cases is related to the strong t’ Hooft coupling limit of
a dual large N field theory and only the long range modes survive in the hydrodynamic
approximation, i.e. modes surviving in long temporal and large wavelength limit. These
extra terms were also later understood in terms of quantum triangle anomalies.[4] The
anomalies are usually calculated in the perturbative limit of the quantum theory where
the coupling is small. The topological nature of anomalies has a role to play to account
for their occurrence in both the approaches to the quantum theory. We will discuss here
two recently discovered terms in the expression of the current which are also related to
anomaly of the previously conserved current. Both of them are parity odd terms. First one
is proportional to vorticity and it leads to the phenomenon of chiral vortical effect. The
second term is proportional to the magnetic field and results in chiral magnetic effect.[5].
For non abelian hydrodynamics particularly suited for quark gluon plasma, an effective
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action for fluid with anomalies was constructed and chiral magnetic effect was obtained
from it in [6].
In the case of quark gluon plasma generated during collision of heavy ions, the anoma-
lous current of interest can be axial current leading to net chirality difference along the
direction of background magnetic field. The net chirality difference can induce an electric
field and a flow of charged carriers along the direction of magnetic field. This is known
as chiral magnetic effect.[5] The rate of chiral charge difference depends on the strength
of the anomaly. For a fluid with certain configurations for its velocity field (uµ), similar
buildup of the electric field along the vorticity vector (ωµ = 12ǫ
µνρσuν∂ρuσ) happens during
the process of chiral vortical effect. Such processes are not only restricted to quark gluon
plasma, but are also important in many other contexts (to be discussed below). In all
these cases, relativistic hydrodynamics offers itself as a good candidate model to describe
the dynamical process.
In quark gluon plasma, the gluon field can locally have some topologically non triv-
ial configurations. These configurations are classified by their winding numbers and are
separated from each other by a potential barrier of the order of ΛQCD. The system can
tunnel through it due to an instanton. But such processes are exponentially suppressed
at high densities and at weak couplings.[7] The system can also roll over the barrier and
such transitions are called sphalerons which manifest themselves during the presence of
anomalies. These metastable configurations are quantum fluctuations possibly of the order
of few fms and lead to a difference in left and right handed quarks. The discrete symmetries
such as parity and CP are locally violated in these spatially localized bubbles. A sphaleron
in non-abelian gauge fields in QCD can offer an explanation to the strong CP problem.
They can also be present in quark-gluon plasma in a high magnetic field.[8, 9] Thus, they
can lead to an observable charge separation by generating the net chiral difference and
subsequent interaction of chiral particles with background magnetic field leading to chiral
magnetic effect.
The sphaleron offers a mechanism to explain many different effects in different settings.
For example, sphaleron processes can be partly responsible for the baryon asymmetry in
our universe. Before electroweak symmetry breaking, a non trivial topological configura-
tion of hypercharge electromagnetic field could have occurred in the early universe plasma.
Such a sphaleron configuration offers a model to generate the requisite amount of baryon
asymmetry needed for the subsequent process of nucleosynthesis.[10] These processes vio-
late baryon number conservation as well as local P and CP symmetries. The rate of baryon
asymmetry production was estimated in [11] and it was found that such explanations are
favourable if the electroweak symmetry breaking in the early universe was of first order.
Recently, early universe baryogenesis due to anomaly in lepton number current was also
considered.[12]
The anomalies in 4 dimensional field theories can also be understood in terms of their
dual gravity solutions (if they exist) in the context of AdS/CFT correspondence.[13, 14, 15,
16, 17] The well understood N=4 Super Yang Mills theory can have anomalous R charge
currents. It maps to a nontrivial 5 dimensional bulk Chern-Simons term in the gravitational
Lagrangian. The magnetic field acting as a source in the chiral magnetic effect amounts
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to putting appropriate boundary conditions on the bulk electromagnetic tensor Fµν in the
dual gravity solution. The anomalous current will correspond to another abelian gauge field
in the bulk. Holographic computations were also performed to determine chiral magnetic
effect for the case of anisotropic fluid and its dependence on elliptic flow coefficient υ2, a
quantity which parameterizes the event charge anisotropy in heavy ion collisions.[18].
Superfluids can also display a similar phenomena called chiral electric effect.[19, 20]
Here, an anomalous current is generated due to a topologically non-trivial configuration
of electric field. Moreover, chiral vortical effect in a pionic superfluid leads to a flow of
fermionic zero modes along the direction of vorticity.[21] For chiral magnetic effect in the
same medium, there will be strings carrying magnetic flux and the magnetic field plays the
role of the vorticity vector. Chiral magnetic effect can also be present in metal crystals
having a non trivial Berry phase configuration in the presence of electromagnetic field.[22]
If there are k quanta of Berry curvature flux associated with any given Fermi surface, then
the fermionic number current will be anomalous with the anomaly proportional to k ~E. ~B.
This triangle anomaly will also give its contribution to the density-density correlator. If
there are 2 Fermi surfaces with unequal chemical potentials in the presence of magnetic
field, the chiral magnetic effect will manifest itself as a flow of fermionic current between
the Fermi surfaces with a strength proportional to the magnetic field and the difference in
chemical potentials.
In this paper, we will explore these parity violating effects in the case of quark gluon
plasma using the hydrodynamic approach. We will partly develop and demonstrate two
methods of constructing hydrodynamic solutions containing these parity violating and
anomalous terms. We will keep the dissipative coefficients vanishing throughout, so our
fluid can be interpreted as a perfect fluid in the presence of parity violating and anomalous
coefficients. In quark gluon plasma, the viscosity is actually very small.[23] In section 2,
we write down the equations for the relativistic hydrodynamics at the first order explain-
ing our conventions. Some solutions witnessing chiral vortical effect can be constructed
by first finding a relativistic generalization of some known non-relativistic solutions and
then modifying them to admit the non-trivial vorticity terms. This is demonstrated in
section 3 for the case of a famous non relativistic solution known as Taylor-Green vortex.
We will keep the electromagnetic fields vanishing here and calculate the net axial charge
difference generated which amounts to chiral vortical effect. The second method is to use
Hopf mapping to construct a topological solution with winding number one using the ve-
locity and electromagnetic fields. A non relativistic magnetohydrodynamic solution based
on such mapping was constructed earlier in [24]. However, we find that Hopf mapping
can be used to generate a larger set of solutions of relativistic hydrodynamics, potentially
setting a stage to explore in detail many dynamic processes. This will be the content of
section 4. We will also find some simple solutions using this method in this section. In
section 5, we use the same method to generate a sphaleron solution in relativistic hydro-
dynamics with a topologically non trivial configuration of the background electromagnetic
field. This solution has all the parity violating and anomalous coefficients non trivial at
the first order. Even though, topological configurations for non-abelian fields seem to be
more interesting, we will restrict ourselves to U(1) fields only in this paper for simplicity.
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In the case of quark gluon plasma, it can be thought of as a restricted abelian version of
chromo-electromagnetic fields or a background U(1) field produced by the highly energetic
colliding charged particles. Also, all the quantities denoting space-time dimensions are kept
dimensionless throughout in this paper. The point of view is to assume some natural length
scale present in the theory and then dimensionless position variables denote multiples of
it. The natural length scale in the case of quark gluon plasma can be inverse of either
dynamically generated QCD scale, ΛQCD or center of mass energy, scm or temperature, T .
We consider our solutions as representative solutions displaying chiral effects and calculate
chiral charge difference contributed by them. Furthermore, we relax the boundary con-
ditions to simplify the construction of the analytic solutions. In many cases of potential
applications as mentioned above, boundary conditions may not play any significant role
in determining the underlying processes. We also didn’t impose the equation of state and
it is determined implicitly by the additional assumptions that we make to simplify our
equations. We consider physically interesting cases to be those for which the pressure and
energy density are both positive everywhere.
2 Equations for anomalous hydrodynamics
The equations for relativistic hydrodynamics are given as conservation equations for the
stress-energy tensor, T µν and the conserved current(s). See eqs. (2.1). We will consider
the case of one conserved current, jµ which can represent particle flux like baryon current
or axial current and is likely to get anomalous contributions. We also have background
electromagnetic fields with the electric and magnetic fields defined as Eµ = Fµνuν and
Bµ = 12ǫ
µναβuνFαβ , where Fµν is an antisymmetric field strength tensor. In the fluid
rest frame, their spatial components indeed represent electric and magnetic fields. The
conservation equations are supplemented with constituent equations which express stress
energy tensor(T µν) and current(jµ) in terms of pressure(P ) , enthalpy density(h), tem-
perature (T ), particle number density (n), velocities (uµ) and their derivatives. Fluid is
likely to have non trivial vorticity defined as ωµ = 12ǫ
µνρσuν∂ρuσ giving rise to a parity
violating term in the current conservation equation. In the presence of electromagnetic
fields, one can have a parity violating term proportional to magnetic field as well as an
anomalous term in the current equation. The presence of such terms was also understood
in terms of constraints on near equilibrium partition function.[25]. They were also calcu-
lated using Kubo formula and do receive corrections proportional to gravitational anomaly
coefficient.[16, 26]. We write below equations for relativistic hydrodynamics containing
these terms.
∂µT
µν = F νλjλ
∂µj
µ = −C
8
ǫµνρσFµνFρσ = CE
µBµ
T µν = huµuν + Pgµν − ηPµαP νβ(∂αuβ + ∂βuα)−
(
ζ − 2
3
η
)
Pµν∂λu
λ
jµ = nuµ − σTPµν∂ν
(µ
T
)
+ σEµ + ξωµ + ξBB
µ (2.1)
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These are supplemented with the relativistic constraint on velocity, uµuµ = −1. Here,
µ is the chemical potential and gµν is the metric, which we take to be Lorentzian with
signature (−,+,+,+). The notation, Pµν = gµν + uµuν denotes the projection tensor
and projects any tensor perpendicular to the velocity field. It is a symmetric tensor and
satisfies relation uµP
µν = 0. The density n may represent axial charge density in the case
of quark gluon plasma or baryon/lepton charge density in the case of baryogenesis in the
early universe. The various dissipative coefficients are bulk viscosity (ζ), shear viscosity
(η) and conductivity (σ). We will call the coefficients of parity violating terms ξ and ξB as
chiral vortical conductivity and chiral magnetic conductivity, respectively. The coefficient
C denotes the strength of the anomaly. It is related to chiral conductivities as
ξ = C
(
µ2 − 2
3
nµ3
ǫ+ P
)
ξB = C
(
µ− 1
2
nµ2
ǫ+ P
)
(2.2)
The electromagnetic fields also satisfy Maxwell equations i.e. field strength conservation
equation and Bianchi identity.
∂µF
µν = jνEM,
∂[µFνρ] = 0. (2.3)
The quantity jµEM represents the background electromagnetic four-current i.e j
0
EM repre-
sents the charge density and its spatial part, jiEM represent the electric current, where i =
1, 2, 3. The convention for Levi-Civita symbol used in this manuscript is ǫ0123 = ǫ
+−12 = 1.
3 Solution by uplifting
In this section, we will try to estimate the chiral effects due to a fluctuation plausible in
quark gluon plasma. To do so, we will first construct an explicit relativistic hydrodynamic
solution by uplifting a solution of non-relativistic hydrodynamics. Even if we expect that
the observable quantities in quark gluon plasma may not strongly depend on the details of
such fluctuations, construction of few explicit representative solutions will make possible
any explicit computations of relevant quantities. Here, we choose a well known solution of
non-relativistic hydrodynamics called Taylor-Green solution to estimate its chiral effects.
The non-relativistic equations are given as
∂v1
∂x
+
∂v2
∂y
= 0
∂v1
∂t
+ v1
∂v1
∂x
+ v2
∂v1
∂y
= − 1
ρn
∂Pn
∂x
+ ν
(
∂2v1
∂x2
+
∂2v1
∂y2
)
∂v2
∂t
+ v1
∂v2
∂x
+ v2
∂v2
∂y
= − 1
ρn
∂Pn
∂y
+ ν
(
∂2v2
∂x2
+
∂2v2
∂y2
)
(3.1)
Here, vi (i = 1, 2), Pn, ǫn, and ρn denote velocity components, pressure, energy density
and mass density of a non-relativistic fluid in 2+1 dimensions. They are continuity equation
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and conservation of momentum flux for constant mass density ρn. We then try to modify
their solutions to also accommodate new coefficients. The first part can be done using the
prescription given in [27, 28]. According to it, given a solution of non-relativistic equations
in 2+1 dimensions, a solution of relativistic equations in 3 + 1 dimensions can be written
as
u+ =
√
1
2
ρn
ǫn + Pn
u− =
1
3
(
1
u+
+ u+v2
)
ui = u+vi
P = Pn
ρ = 2ǫn + ρn (3.2)
Here, u+ and u− denote the velocity components along the null directions i.e. u± =
1√
2
(u0±uz) and ui, the same along other two spatial directions. The coordinates along the
three spatial directions are denoted as x, y, and z. Symbols P and ρ denote relativistic
pressure and density of the fluid.
The Taylor Green vortex solution is given as in [29],
v1 = F (t) sin x cos y,
v2 = −F (t) cos x sin y,
F (t) = e−2νt,
Pn =
ρn
4
F (t)(cos 2x+ cos 2y). (3.3)
We consider the simple case of zero viscosity. We put ν = 0 here and then try to get
the relativistic version of it. This solution has a relativistic analog in 3+1 dimensions as
discussed in eqs. (3.2).
u+ =
[
2
ǫn
ρn
+
1
2
(cos 2x+ cos 2y)
]−1/2
,
u− =
u+
2
[
1 +
2ǫn
ρn
− 2 sin2 x sin2 y
]
,
ux = u+ sinx cos y,
uy = −u+ cos x sin y,
P =
ρn
4
(cos 2x+ cos 2y),
h =
ρn
(u+)2
. (3.4)
The above quantities satisfy the relativistic equation for perfect fluid i.e.
∂µT
µν = 0. (3.5)
To find the modified solution of relativistic equations with non-trivial new coefficients, we
first simplify the relativistic hydrodynamic equations. We choose the first order dissipative
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coefficients ζ = σ = η = 0 and write Fµν in terms of electric and magnetic fields as
Fµν = 2u[µEν] − ǫµνρσuρBσ (3.6)
The conservation equations are then
∂µT
µν = nEν + uν [ξBE
µBµ + ξEρω
ρ − ξuρzρ]− ξzν
∂µj
µ = CEµBµ (3.7)
where
zµ = Bσ∂
[µuσ] (3.8)
We then simplify the equations by taking the background electromagnetic fields to be
vanishing, i.e. Eµ = Bµ = 0. We further break the equation with stress tensor into its
trace and traceless part by taking the trace with the velocity vector, uµ. After a little
algebraic manipulation, we get the following equations,
n∂µ(hu
µ)− hjρ(u.∂)uρ = (j.∂)P,
∂.j = 0,
huµ∂µu
ν + uνuµ∂µP + ∂
νP = 0. (3.9)
We find that the relativistic analog constructed in eqs. (3.4) helps a lot in dealing with these
equations. To accommodate the non trivial vorticity term with chiral vortical conductivity
ξ, it suffices to choose a suitable expression for the number density n. We present our
solution in terms of Lorentz factor χ, which in this case turns out to be
χ−2 =
2ǫn
ρn
+
1
2
(cos 2x+ cos 2y) (3.10)
This variable is equivalent to u+ in eqs. (3.4). The solution can then be written as
h =
ρn
χ2
,
uµ = χvµ,
v+ = 1,
v− =
1
2
+
ǫn
ρn
− sin2 x sin2 y,
v1 = sinx cos y,
v2 = − cos x sin y,
P = P0 +
ρn
4
(cos 2x+ cos 2y),
n =
ξ
3
χ sinx sin y. (3.11)
We consider P0 to be a constant positive quantity. The chiral vortical conductivity appears
explicitly in the last expression for the number density n. The only connection between
the two conservation equations is the velocity. The current is
j− =
ξ
3
χ2 sinx sin y
(
1 +
2ǫn
ρn
− sin2 x− sin2 y
)
,
j+ = jx = jy = 0. (3.12)
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Figure 1. Plot of maximum axial charge separation (in units of ξL) as a function of ratio of energy
and number density, ǫn/ρn generated for the case of relativistic Taylor Green vortex solution.
This solution is in a steady state. This is expected as we have dropped all dissipative terms.
The non-trivial chiral vortical conductivity ξ, does not lead to dissipation. We calculate
the zeroth component of vorticity to be
ω0 =
χ2
3
√
2
sinx sin y
[
ǫn
ρn
− 3
2
+ cos2 x cos2 y
]
. (3.13)
The contribution to axial charge difference will be
∫
d3xξω0. We assume that the solution
holds for some length L along the z direction. Along other two spatial directions, the
contributions from different regions tend to cancel due to sinusoidal dependence. So, the
net contribution depends on how far the solution extends. The maximum contribution will
be for the situation in which the solution extends from 0 to π along both x and y directions.
Then the axial charge difference generated will be
∆nA =
ξL
3
√
2
∫ pi
0
dx
∫ pi
0
dy
sinx sin y(ǫn/ρn − 3/2 + cos2 x cos2 y)
(2ǫn/ρn − 1 + cos2 x+ cos2 y) . (3.14)
The axial charge difference created will induce an electric field resulting in chiral vortical
effect. It is evaluated numerically and displayed as a function of ǫn/ρn in fig. (1).
4 Solution using Hopf fibration
The background electromagnetic fields generated in quark gluon plasma are due to charges
of the colliding ions. Due to the high energy present in the collisions, a non trivial con-
figuration of the background field is also likely to occur. In this section, we try to find
relativistic solutions with topologically non trivial background electromagnetic field. An
interesting non-relativistic solution is given in [24], which has a non-trivial index defined
as
I =
16
π2
∫
~A.(∇× ~A)d3x. (4.1)
The solution was obtained there using Hopf fibration map. Given such a map f : S3 → S2,
one can pullback the volume form of 2-sphere to get a two form on 3-sphere. Any two form
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on a 2-sphere can be written as an exact differential of a one form. The vector dual of such
a one form can be projected on R3 using stereographic projection. The value of the above
index is one for the vector potential in R3 generated by this procedure. The latter is given
as [24]
A1 =
(xz − y)
2r2
,
A2 =
(yz + x)
2r2
,
A3 =
(2z2 + 2− r)
4r2
,
where r = 1 + x2 + y2 + z2. (4.2)
We will use this vector potential to generate solutions of relativistic hydrodynamic equa-
tions which are more general than the simple relativistic generalization of the solution in
[24]. We make the assumption that the profiles of the fluid (uµ) and that of the background
vector potential (Aˆµ) are proportional to the vector potential given above, i.e.,
uµ = (v, fAi),
Aˆµ = (β, αAi). (4.3)
Here, f , v, β and α are functions of the radial coordinate r = 1+ x2 + y2 + z2 and time t.
The electro-magnetic tensor is calculated to be
F 0i = ∂0Aˆi − ∂iAˆ0 = −(α˙Ai + 2β′xi),
F ij = ∂iAˆj − ∂jAˆi = ǫijk
[
2
(
2α
r
− α′
)
Ak +
rα′
2
ak
]
,
where ai =
1
r2
(−y, x, 1). (4.4)
We denote the derivatives with respect to time and radial coordinate r by dot ˙ and prime
′, respectively. The Bianchi identity is automatically satisfied by this construction. We get
the following expressions for the electric and magnetic fields.
E0 = −f
(
α˙
16r2
+
zβ′
2r
)
,
Ei = −Ai
(
vα˙+
fzα′
2r
)
+ xi
(
−2vβ′ + fα
′
8r2
)
,
B0 = − fα
12r3
,
Bi = −2
3
(
2vα
r
− vα′ + β′f
)
Ai +
rai
6
(β′f − vα′). (4.5)
The vorticity here is
ω0 = − f
2
24r3
,
ωi =
Ai
3
(−2vf
r
+ vf ′ − v′f
)
+
rai
12
(v′f − vf ′). (4.6)
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The equations that need to be satisfied are the conservation equation for stress energy
tensor and the current equation along with the relativistic constraint on velocity.
∂µT
µν = Fµλjλ,
∂µj
µ = CEµBµ,
T µν = huµuν + Pηµν
jµ = nuµ + ξωµ + ξBB
µ,
uµuµ = −1. (4.7)
Here, we have taken the conductivity and viscosities to be zero (σ = η = ζ = 0). These
equations for our case reduce to
Ai
[
(vhf )˙ +
z
2r2
(rhf2)′ + nvα˙
]
+ xi
(
2P ′ − hf
2
8r3
+ 2nvβ′
)
=
( z
r2
Ai − xi
4r3
)[
−rnfα
′
2
+
ξ
3
{(αv)′f − αvf ′}+ 2
3
ξBαfβ
′
]
+
+
f
24r3
(α˙Ai + 2β′xi)(ξf + 2ξBα),
(hv2)˙ +
z
2r2
(rvhf)′ − P˙
=
1
48r3
(α˙+ 8rβ′z)(−3rnf + 2ξvf + 4ξBvα),
(nv)˙ +
z
2r2
(rnf)′ − ξ f f˙
12r3
− 2ξ
3r2
zfv′
=
ξB
12r3
(fα)˙ +
2zξB
3r2
(v′α+ β′f) +
αC
12r3
(α˙+ 8rzβ′),
v2 = 1 +
f2
16r2
. (4.8)
They are coupled non-linear partial differential equations and in order to solve them, we
make an ansatz that the factors proportional to Ai, zAi, xi and z cancel out separately.
The resulting equations can be written elegantly in terms of two new variables defined as
M = −rnf + 2
3
v(ξf + 2ξBα),
N = nv − f
24r3
(ξf + 2ξBα) = − v
rf
M +
2
3rf
(ξf + 2ξBα). (4.9)
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We thus obtain the following set of equations.
(vhf )˙ +Nα˙ = 0,
α′M +
2ξ
3
α(fv′ − vf ′) + 4ξB
3
α(fβ′ − vα′) = (rhf2)′,
P ′ +
(hf2)′
16r2
+ β′N = 0,
P˙ − (hv2 )˙ + α˙
16r3
M = 0,
N˙ =
Cαα˙
12r3
,
(rvhf)′ = β′M,
M ′ +
2ξ
3
(fv′ − vf ′) + 4ξB
3
(fβ′ − vα′) + 4
3
Cαβ′ = 0. (4.10)
We next choose Coulomb gauge Aˆ0 = β = 0 without loss of generality and for simplicity,
we look for only steady state solutions. In other words, we assume that all the functions
explicitly appearing in the set of equations above are time-independent. We denote rvhf
by a constant k. This reduces the above set of equations to
P ′ = − 1
16r2
(hf2)′(
kf
v
)′
+ (rnf)α′ =
2ξ
3
[(αv)′f − (αv)f ′] (4.11)
(rnf)′ =
4
3
v′(ξf + ξBα). (4.12)
Here, v and f are related by the constraint v2 = 1 + f
2
16r2
. The equations, even with the
strident looking assumptions, admit a wide class of solutions. We consider two cases.
Case I: C = 0.
This is a perfect fluid case with no chiral vortical and chiral magnetic conductivity
and is the simplest non trivial solution of this class. The eq. (4.12) tells that rnf = N0 (a
constant). The other equation (4.11) can then be solved to obtain the following solution.
α = − 4krf
N0
√
16r2 + f2
,
h =
4k
f
√
16r2 + f2
,
n =
N0
rf
,
P = P0 − 4k
∫ r
1
ρ
(16ρ2 + f(ρ)2)3/2
(
f(ρ)
ρ
)′
dρ. (4.13)
Here, P0 represents the pressure at the origin, x = y = z = 0. The function f(r) is left
undetermined and can be any function which leads to well defined physical quantities i.e.
pressure, energy density and enthalpy density.
Case II: v = λf , λ is a constant.
– 11 –
In this case, the spatial part of vorticity is proportional to spatial part of velocity or
background vector potential. Velocity constraint and equation for pressure leads to
f =
4r√
16λ2r2 − 1 ,
P =
k
48λ
(
1− 1
r3
)
+ P0. (4.14)
Here, P0 is a positive constant denoting the pressure at the origin. We find the number
density using equation (4.11) to be
n =
2ξλ
3
f
r
(4.15)
The fact that rvhf = k can be used to evaluate the enthalpy density.
h =
k
λrf2
. (4.16)
Equation (4.12) leads to a consistency relation stating that ξBα = 0 which implies α = 0.
This is then a case of pure gauge and hence no electromagnetic fields. One gets the 4-vector
ωµ and jµ for this case to be
ωµ =
(
− f
2
24r3
,−2λf
2
3r
Ai
)
,
jµ =
(
2ξ
3r
, 0, 0, 0
)
(4.17)
Near the origin x = y = z = 0 i.e. r = 1, the solution simplifies to
uµ =
4√
16λ2 − 1
[
λ, 0, 0,
1
4
]
,
n =
8ξλ
3
√
16λ2 − 1 ,
h =
k(16λ2 − 1)
16λ
,
P = P0. (4.18)
To see the asymptotic behavior of the solution at large distances r →∞, we use spherical
coordinates θ, φ, so that x =
√
r − 1 sin θ cosφ, y = √r − 1 sin θ sinφ and z = √r − 1 cos θ.
Then as r →∞,
uµ →
(
1,
1
4λr
sin(2θ) cos φ,
1
4λr
sin(2θ) sinφ,
1
4λr
cos(2θ)
)
,
n → 2ξ
3r
,
h → kλ
r
,
P → P0 + k
48λ
. (4.19)
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From the pressure profile, we see that such configurations can happen around local de-
pressions in pressure. As r increases, the pressure increases to a constant value. The
fluid velocity, number density and enthalpy decreases as 1/r. The magnitude of velocity
or speed is spherically symmetric at large r. This solution suffers a problem that energy
density becomes negative for r larger than r ∼ 48λ2(1 + 48kλ/P0)−1. So, solution can be
relevant only for small r and should be dominated by some other solution at larger r. It
can happen that some of the dissipative coefficients neglected here can prevent the solution
from this problem. To calculate the contribution to the axial charge difference caused by
the vorticity, we assume the solution to hold upto r = R. We thus obtain
∆nA =
∫
d3xξω0 = −4πξ
3
∫ R
1
√
r − 1dr
r(16λ2r2 − 1)
=
2πξ
3
√
λ
[
√
4λ− 1 tan−1
(
2
√
λ(R− 1)
4λ− 1
)
+
√
4λ+ 1 tan−1
(
2
√
λ(R − 1)
4λ+ 1
)]
−
−8πξ
3
sec−1
√
R (4.20)
This axial charge difference will induce an electric current and hence, will lead to chiral
vortical effect.
5 Sphaleron Solution
We revisit the eqs. (4.10) again and simplify them by choosing v = λf and β = λα. We
also choose α = kf . These assumptions make the spatial part of vorticity, magnetic field,
velocity and vector potential proportional to each other. We look here for steady state
solutions only. Then, the set of equations needed to be solved is
(rhf2)′ = α′M,
M = −2
3
λCα2 + a0,
P ′ +
(hf2)′
16r2
+ λα′N = 0. (5.1)
We solve top two equations above to obtain
f =
4r√
16λ2r2 − 1 ,
h = −2
9
λCk3
f
r
+ a0k
1
rf
+
b0
rf2
,
n =
2λf
3r
(Ck2 + ξ + 2kξB)− a0
rf
. (5.2)
We simplify the equation for pressure to get
P ′ =
8
3
λk
(
ξ + 2kξB +
2
3
Ck2
)
1
r(16λ2r2 − 1)3/2 +
b0
16r4
. (5.3)
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This results in the expression for pressure as
P = P0 +
8
3
λk
(
ξ + 2kξB +
2
3
Ck2
)(
tan−1
f
4r
− f
4r
)
− b0
48r3
. (5.4)
As r →∞, the asymptotic behavior of various expressions above are
h → k
2
r
(
a0 + b0 − 2
9
Cλ
)
,
n →
[
2λ
3k
(Ck2 + ξ + 2kξB)− a0k
]
1
r
,
P → P0 − 1
48r2
[
b0 +
2λ
9k2
{2Ck2 + 3(ξ + 2kξB)}
]
. (5.5)
The associated background electric and magnetic fields are calculated to be
Eµ =
(
λkf4
32r4
z,
kf4
32r4
zAi +
kf2
8r3
xi
)
,
Bµ =
(
− kf
2
12r3
,−4λk
3r
f2Ai
)
. (5.6)
The vorticity and the anomalous current are
ωµ =
(
− f
2
24r3
,−2λ
3r
f2Ai
)
,
jµ =
[
2
3r
(Ck2λ2f2 + ξ + 2kξB)− a0λ
r
,
(
2Cλk2
3
f2
r
− a0
r
)
Ai
]
. (5.7)
The background electromagnetic current is found to be
j0EM = 2λk{2(r − 1)f ′′ + 3f ′} =
3λkf5
128r5
{1 + 16λ2r(r − 2)},
jiEM = 2kA
i
{
−4
r
(
2f
r
− f ′
)
− 2f ′ + 2
(
2f
r
− f ′
)′
+ (rf ′)′
}
+
+krai
(
2f
r
− f ′
)′
− k(rf
′)′
2r
δiz
= −kf
5Ai
128r6
[
12
(
4r
f
)4
+ 2(7− 2r)
(
4r
f
)2
+ 3(2− r)
]
−
−kλ
2f5ai
16r3
(1 + 32λ2r2)− kf
5
29r6
(1 + 32λ2r2)δiz . (5.8)
There are 6 unknown parameters, namely λ, k,C, a0, b0, P0 along with 2 chiral conductivi-
ties ξ and ξB. Parameter λ is related to the ratio of fluid velocity to speed of light (usually
denoted as β) as λ = (4rβ)−1. Parameters k and C denote the strength of the electro-
magnetic field and the anomaly, respectively. Constants a0, b0 and P0 are related to the
axial charge density, enthalpy and pressure in the absence of non-trivial topological charge
for this solution. We take these constants to be zero as we are interested in effects due to
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Figure 2. Plot of enthalpy density (red curve)
and 100 times the pressure (blue curve) vs r.
The maximum of these physical variables oc-
cur at the origin.
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Figure 3. Energy Density is plotted against
pressure. The energy density is more sensitive
to changes in pressure at higher pressure, i.e.
near the origin.
topological charge. We can then simplify the chiral conductivities related by eq. (2.2) to
obtain
ξ =
Cµ2
1− 2µ/k
ξB =
Cµ(1− µ/(2k))
1− 2µ/k (5.9)
Real values of f needs λ > 1/4. We consider physically interesting cases as those for
which P and ǫ = h−P are always positive. All possible choices of parameters do not lead
to physically sensible results. Below, we present one such choice, though other choices can
also be feasible. In quark gluon plasma, fluid velocity can be very high up to fractions
of speed of light.[30] We choose parameter λ = 1 which implies that the maximum fluid
velocity in the configuration is a quarter of the speed of light. Quantity C, related to
anomaly in the corresponding field theory , should be some number of order unity. We
choose it to be C = 1. Strength of the electromagnetic field and chemical potential vary
a lot from one region in space-time to other.[5] We choose k related to electromagnetic
field to be −1. Minus sign helps us to get physically sensible results for this configuration.
We choose µ = 1/2 for the same reason. It is also a typical value of chemical potential
for strong magnetic field.[5] For this choice, the radial dependence of enthalpy density and
pressure as well as the implied equation of state are plotted in figures 2 and 3.
The anomaly present in the right hand side of eq. (2.1) i.e. CEµBµ, can be written
as a total derivative of a Chern Simons current given as
Kµ = −C
4
ǫµνρσAˆνFρσ . (5.10)
The Chern Simons charge of this sphaleron is
NCS =
∫
d3xK0 = 4Cπk2
∫ ∞
1
√
r − 1dr
r(16λ2r2 − 1)
= −Cπ
2k2√
λ
(
√
4λ+ 1 +
√
4λ− 1− 4
√
λ) (5.11)
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The rate of topological winding number changing transitions caused by the sphaleron so-
lution will be proportional to the above charge, NCS. In the case of quark gluon plasma,
it will contribute towards to the rate of production of chirality difference and the induced
electric current generated. However, the chiral charge difference will also get contributions
due to non-trivial vorticity and background magnetic field. Since, jµ = nuµ+ ξωµ+ ξBB
µ,
the contribution due to both vorticity and magnetic field is
∆n˜ = −
∫
d3x(ξω0 + ξBB
0)
=
(ξ + 2kξB)
24
∫
f2
r3
d3x
= −π
2(ξ + 2kξB)
3
√
λ
(
√
4λ+ 1 +
√
4λ− 1− 4
√
λ). (5.12)
Hence, the total chiral charge difference created is
∆nA = −π
2(3Ck2 + ξ + 2kξB)
3
√
λ
(
√
4λ+ 1 +
√
4λ− 1− 4
√
λ). (5.13)
This chiral charge difference will induce an electric field resulting in a combination of chiral
magnetic effect and chiral vortical effect. In the case of plasma in early universe, the above
expression will be proportional to the rate of baryogenesis.
6 Conclusion and future directions
Chiral magnetic and vortical effect due to sphalerons has evinced much interest recently
because it is a candidate model for explaining the observed charge dependent azimuthal
asymmetries in the heavy ion collisions.[31] We attempted to model the charge asymmetry
generation process in quark gluon plasma by constructing in this work explicit, analytic
solutions of relativistic hydrodynamics containing parity violating and anomalous terms.
Some solutions constructed in sections 3 and 4 are devoid of electromagnetic fields, though
they possess non-trivial vorticity. These can nevertheless be candidate model for processes
involving chiral vortical effect. The sphaleron solution constructed in section 5 is richer and
have non-trivial values for all the parity violating and anomalous terms possible at the first
order in the hydrodynamic approximation. It displays a combination of both chiral vortical
and chiral magnetic effect. Azimuthal correlations between 3 particles are used to measure
charge separation effects in experiments. They have been shown to be related to correlators
of coefficients of sine terms in the Fourier decomposition of the charged particle azimuthal
distribution.[32] Such sine terms are manifestly parity violating. The conjectured forma-
tion of metastable topological configurations is in line with observed differences between
same charge and opposite charge correlators. These effects disappear at low energies which
is consistent with the sphaleron model.[33] The equations of hydrodynamics admit many
different solutions and it is a priori difficult to say whether a particular solution actually
occurs or not. However, the charge separation can be due to many such sphalerons occur-
ring in different point of space and time in the quark gluon plasma. Further observations
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are needed to fully ascertain whether these parity violating effects can be attributed to such
configurations. In this direction, a detailed study of such solutions may facilitate in figuring
out some typical predictions out of them and in providing theoretical predictions/hints for
future tests.
We believe our solutions also to be relevant in many other different contexts like plasma
in early universe, superfluids and Fermi liquids as discussed in the introduction. Another
interesting application area of our solutions can be neutron stars. The core of a neutron star
is made up of highly dense quark matter displaying superfluid properties.[34, 35, 36] We
anticipate that our results will also be relevant in describing some properties of vortices in
neutron star. It will be interesting to construct explicit models based on these solutions to
quantitatively demonstrate and evaluate the significance of the chiral magnetic and chiral
vortical effect in various situations. It will help us to chart out the kinetics and dynamics
of many processes in greater detail.
We will also like to see the role played by dissipative coefficients in these solutions
and in the processes in general. Quark gluon plasma possesses negligible viscosity and
it is considered nearly perfect fluid. However, inclusion of dissipation in these solutions
will enable us to make more realistic models and make better quantitative predictions out
of them. Finally, from fluid dynamic point of view, the set of equations given by eqs.
(4.10) is one of the main outcomes of our analysis. These equations can be used to gen-
erate a variety of solutions of relativistic hydrodynamics relevant in different contexts. It
is also an interesting problem to investigate that what kind of fluids i.e. fluids specified
by equation of state can accommodate hydrodynamic solutions governed by the reduced
set of equations written in eq. (4.10). We will also like to check the stability and linear
response of our solutions against various perturbations. Also, we have only demonstrated
that steady state solutions of eq. (4.10) are available, but it will be interesting to construct
their explicit time dependent solutions or to demonstrate the consistency of these equa-
tions including the temporal derivative terms. Nevertheless, our solutions being explicit
analytic solutions, can also be used as benchmarks to check numerical codes for relativistic
hydrodynamics. Analytic solutions of non-relativistic hydrodynamics have long been used
for such purposes.
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